A $K$-theoretical invariant and bifurcation for a parameterized family
  of functionals by Portaluri, Alessandro
ar
X
iv
:0
90
5.
38
97
v2
  [
ma
th.
CA
]  
24
 Ju
l 2
01
3
A K-theoretical invariant and bifurcation for a
parameterized family of functionals
Alessandro Portaluri ∗
Dipartimento di Matematica Ennio De Giorgi ,
Ex-Collegio Fiorini, Universita` del Salento,
Via per Arnesano, Lecce, Le, Italy.
Email: alessandro.portaluri@unile.it.
November 20, 2018
Contents
1 Introduction 2
2 Spectral flow and Index bundle 4
2.1 Spectral flow of Fredholm forms. . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Index bundle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
3 The main result 7
4 A geometric variational framework: the perturbed geodesics case 9
4.1 A geometric framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
Abstract
Let F := {fx : x ∈ X} be a family of functionals defined on a Hilbert manifold
E˜ and smoothly parameterized by a compact connected orientable n-dimensional
manifold X, and let σ : X → E˜ be a smooth section of critical points of F . The
aim of this paper is to give a sufficient topological condition on the parameter space
X which detects bifurcation of critical points for F from the trivial branch. Finally
we are able to give some quantitative properties of the bifurcation set for perturbed
geodesics on semi-Riemannian manifolds.
∗The author was partially supported by PRIN Variational Methods and Nonlinear Differential Equa-
tions.
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1 Introduction
The meaning of the word bifurcation changes depending on the context and here we deal
only with bifurcation from the trivial branch. This is perhaps the simplest bifurcation
phenomena which occur in nonlinear analysis, differential geometry and mechanics. The
aim of this paper is to establish an abstract bifurcation result in a form suitable for the
applications to geometric variational problems.
Given two normed linear spaces E and F and a continuous family of Fredholm maps
h : X × E → F continuously parameterized by a path connected topological space such
that h(·, 0) = 0, we say that a point x∗ ∈ X is a bifurcation point from the trivial branch
X × {0} if each neighborhood of (x∗, 0) contains solutions of h(x, v) = 0 with v 6= 0. It is
a well-known fact that there exists a strict relation between the topology of the parameter
space and the existence of a bifurcation point from the trivial branch and thus an important
role is played by the homotopy theoretical methods. The literature on this topic is quite
broad and the main contributions were given in the past decades mainly by Alexander,
Ize, Fitzpatrick, Pejsachowicz among others. (See for instance [3, 10, 11] and references
therein). The Alexander’s approach can be quickly sketched as follows. Consider a family
fp : R
n → Rn parameterized by p ∈ Rk, with fp(0) = 0 and let Lp be the derivative of fp at
0. Let p0 be an isolated point in the set Σ(f) of all parameters at which the derivative Lp
is singular. Restricting the map p 7→ Lp to the boundary of a small disk D centered at p0
one gets an element γf in the homotopy group πk−1(Gl(n)). This element is an obstruction
to the existence of a deformation of the map L : (D, ∂D) → (Mn(R),Gl(n)) to a map
into Gl(n). The point p0 is a bifurcation point, provided the image of γf by the classical
Whitehead J-homomorphism is nontrivial.
However the inspiration for our results is a series of papers authored by Fitzpatrick and
Pejsachowicz [3], [10] [11] among others. In this paper the authors defined a bifurcation
invariant which could be roughly seen as a global version of the Alexander’s invariant. In
fact, given a family of quasilinear Fredholm maps of index zero continuously parameterized
by a smooth compact manifold X with fx(0) = 0, the obstruction to deforming such a fam-
ily to a family of isomorphism is the analytical index (or index bundle), namely an element
of the Grothendieck group of virtual vector bundles K0(X) and quite naturally the bifur-
cation invariant in this setting is provided by J(IndL), where J is the J-homomorphism
of Atiyah-Adams. More precisely they proved that if f is such a family then there is a
homotopy invariant belonging to the first (singular) cohomology group with Z2 coefficients
whose non-triviality insures the existence of a bifurcation point from the trivial branch.
This invariant is nothing but the first Stiefel-Whitney class of the analytical index and its
non-triviality can be geometrically interpreted as the non-orientability of the index bundle.
We point out that all the quoted papers are non variational in nature and as we shall
see the situation in the variational case is deeply different. For this reason, in this paper we
restrict ourselves to the case of families of self-adjoint Fredholm maps which naturally arise
in calculus of variation, by showing that in this situation a more refined invariant arises. In
this case in fact, we will show that the bifurcation is related to the non triviality of the first
Chern class of the index bundle instead to the first Stiefel-Whitney class. Moreover, by
2
using this invariant, we are able to prove a result about the Lebesgue covering dimension
of the bifurcation set .
As an application of our main result we give a quantitative result on the bifurcation
set for a several parameter family of perturbed geodesics on semi-Riemannian manifolds.
We recall that perturbed geodesics (p-geodesics) are trajectories of a simple mechanical
system on a semi Riemannian manifold M of finite dimension n. They are critical points
of the energy functional defined on the space of paths on M by
E(γ) =
∫ 1
0
1
2
g(γ′(x), γ′(x))dx −
∫ 1
0
V (x, γ(x))dx (1)
where g is a semi Riemannian metric on M and V is a time-dependent potential. When
the metric is indefinite, the functional E is of strongly indefinite type and the ordinary
Morse index of its critical points is infinite. In [8], we associated to each non degenerate
perturbed geodesic γ a generalized Morse index µspec(γ) ∈ Z and shown that it coincides
with the conjugate index µcon(γ), an integer that counts algebraically the total number of
conjugate points along γ.
We remark that very recently several kind of bifurcation phenomena have been studied
in differential geometry and in mechanics. (See [8], [9] [12] and references therein). In
the Riemannian case, the change of qualitative properties of closed geodesics under one
parameter variation of the metric was discussed for instance in [6, Section 3.4].
Now in order to briefly describe our result we recall that given a smooth branch σ ≡
{σλ : λ ∈ X} of perturbed geodesics, a bifurcation point from the trivial branch σ is a point
λ∗ in X such that arbitrary close to the pair (λ∗, σλ∗) there are pairs (λ, γλ) where γλ is a
p-geodesic with the same end points as σλ but not belonging to the branch σ. Denoting
by c1(Ind s(L
C
γ )) the first Chern class of the analytical index associated to the family of
hessians of the p-geodesic functional at the critical section σ (See Sections 2 and 4 for a
precise definition), we proved the following.
Theorem 1.1 LetM be a smooth manifold and (gλ, Vλ)λ∈X be a family of semi-Riemannain
metrics and smooth time dependent potentials on M smoothly parameterized by the compact
connected orientable n-dimensional manifold X. Let σ be a trivial branch of p-geodesics of
(M, gλ, Vλ)λ∈X such that for some λ0 ∈ X the p-geodesic σλ0 is non-degenerate (as critical
point of the energy functional). If
c1(Ind s(L
C
γ )) 6= 0
then the Lebesgue covering dimension of the bifurcation set is at least n − 1. Moreover
either B disconnect X or it is contractible to a point.
We close this section by pointing out that by using our main results similar quantita-
tive results could be deduced also for Dirac operators parameterized by moduli spaces
of connections. In fact in this case it is known that the index bundle carries nontrivial
characteristic Chern classes.
3
2 Spectral flow and Index bundle
The aim of this section is to briefly recall some well-known definitions and results about
the spectral flow for paths of Fredholm quadratic forms. Furthermore we will construct
the analytical index for a family of selfadjoint Fredholm operators smoothly parameterized
by a compact topological space. In the final part of the section we recall a result which
relates the spectral flow and the first Chern class of the analytical index of the family
which represents the key ingredient in order to prove our result. Our main references are
[1, 2, 3, 4, 9, 11].
2.1 Spectral flow of Fredholm forms.
Definition 2.1 A Fredholm quadratic form on the real separable Hilbert space (H , 〈·, ·〉H )
is a function q : H → R such that there exists a bounded symmetric form b := bq : H ×
H → R with q(u) = b(u, u) and with ker b of finite dimension.
The space Q(H ) of all bounded quadratic forms is a Banach space with the sup norm and
the set QF (H ) of all Fredholm quadratic forms is an open subset of Q(H ) that is stable
under perturbations by weakly continuous quadratic forms.
Definition 2.2 Let q : (S1, s0) → (QF (H ), q0) be a based loop of Fredholm quadratic
forms. We define the spectral flow of q as follows:
sf(q, S1) := sf(Aq(t), S
1),
where Aq(t) is the unique bounded linear self-adjoint Fredholm operator such that〈
Aq(t)u, u
〉
H
= q(t)(u) for all u ∈ H .
Given any differentiable loop of Fredholm quadratic forms q : S1 → QF (H ) then, for all
t ∈ S1, the derivative q˙(t) is also a quadratic form. We say that a point t is a crossing point
if ker bq(t) 6= {0} and we say that the crossing point t is regular if the crossing form Γ(q, t),
defined as the restriction of the derivative q˙(t) to the subspace ker bq(t), is non-degenerate.
It is easy to see that regular crossings are isolated and that the property of having only
regular crossing forms is generic for paths in QF (H ). From theorem 4.1 in [4] we deduce
the following.
Proposition 2.3 If all crossing points of the path are regular then they are finite in
number and
sf(q, S1) =
∑
i
sign Γ(q, ti). (2)
Based on the definition above, we are able to define the spectral flow for a family of
Fredholm quadratic forms defined on a separable Hilbert bundle which is more suitable for
the applications to geometric variational problems.
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Definition 2.4 A generalized family of Fredholm quadratic forms parameterized by X is
a smooth function q : H˜ → R, where H˜ is a real separable Hilbert bundle over X and q is
such that its restriction qx to the fiber H˜x over x is a (bounded) Fredholm quadratic form.
If (X, x0) = (S
1, s0) and qs0 ∈ Gl(H˜s0), we define the spectral flow sf(q) := sf(q, S
1) of
such a family q, by choosing a trivialization
Φ: S1 × H˜s0 → H˜ : (t, u) 7→ Φt(u)
and by setting
sf(q) = sf(q˜, S1), where q˜(t)[u] := qt(Φtu). (3)
From the cogredience property of the spectral flow the right hand side of (3) is independent
of the choice of the trivialization.
Remark 2.5 We observe that the spectral flow could be defined equally well for Fredholm
Hermitian form. Furthermore we observe that if H C denotes the complexification H ⊗C
of the real separable Hilbert space H then for any path of self-adjoint Fredholm operators
L : (S1, s0)→ FS(H ) we can define its complexification L
C. Now, as a direct consequence
of proposition 2.3, it is possible to show that
sf(LC, S1) = sf(L, S1).
2.2 Index bundle
Given a compact space X we will denote with K(X) the Grothendieck group of complex
virtual vector bundle over X . By construction K(X) is the group completion of the abelian
semigroup Vect(X) of all complex vector bundle over X . Every element in K(X) can be
written as a difference [A] − [B], where [A] denotes the class of A ∈ Vect(X). Following
[1] for any continuous path L : X → F (H ) where F (H ) denotes the set of all complex
linear bounded Fredholm operators we can associate a homotopy invariant called the index
bundle as follows. By compactness of X , there exists a finite dimensional subspace V of
H transverse to the family L meaning that
ImLx + V = H , ∀ x ∈ X.
Thus the set
Y = {(x, v) ∈ X ×H : Lx v ∈ V }
is the total space of a vector bundle over X with fiber Yx := L
−1
x (V ).
Definition 2.6 We define the index bundle of the family the element Ind (L) ∈ K(X)
which represents the stable equivalence class of the vector bundle Y over X, i.e.:
Ind (L) = [Y ]− [Θ(V )],
where [Θ(V )] is the trivial bundle over X with fiber V .
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Remark 2.7 We observe that it does not depend on the choice of the subspace V but just
on the homotopy class of the family. (See for instance [13, Theorem 2.1]).
The index bundle of a family possesses the same homotopy addition and logarithmic prop-
erties as the ordinary numerical index of a Fredholm operator. Denoting by [X1, X2] the
set of all free homotopy classes of maps between the topological spaces X1 and X2, a
fundamental result proved by Atiyah and Ja¨nich shows that the natural transformation
Ind : [−,F (H )]→ K(−) is an isomorphism.
Recall thatK can be extended to two periodic generalized cohomology theory by setting
K0(X) = K(X), and K−1(X) = K(SX).
We will also need the following result.
Theorem 2.8 ([1, Theorem B])
1. From the topological point of view the space FS(H ) has three connected components
denoted by F+S (H ), F
−
S (H ) and F
i
S(H ) respectively of all essentially positive,
negative and indefinite, where, essentially positive (resp. negative) means that the
spectrum is positive (resp. negative) on some invariant subspace of H of finite
codimension.
2. The components F+S (H ), F
−
S (H ) both are contractible.
3. Define a map
β : F iS(H )→ ΩF (H )
where ΩF (H ) denotes the loop of the space of all Fredholm operators obtained by
assigning to each A ∈ F iS(H ) the path from Id to −Id in F (H ) given by
β(A) := Id cos(πt) + iA sin(πt), t ∈ [0, 1]
and closed to a loop by the standard continuation
Id (cos(πt) + i sin(πt)) , t ∈]1, 2].
Then α is a homotopy equivalence.
From the above theorem we have:
π[SX,F ] ≃ π[X,ΩF ], and π[X,F iS(H )] ≃ K
−1(X)
and hence F iS(H ) is a classifying space for the functor K
−1.
K−1(X) := K0(SX) ≃ π[SX,F (H )] ≃ π[X,ΩF (H )]. (4)
Now we are able to introduce the following key definition.
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Definition 2.9 Let L : X → F iS(H ) be a continuous family of bounded linear self-adjoint
Fredholm operators parameterized by X. The analytical index of the family is the homotopy
class of this map as an element of the group K−1(X) namely:
Ind sL := Ind (∗ β L]
where ∗ : {X,ΩY } → {SX, Y } is defined by ∗(f)([x, t]) := f(x)(t).
Denoting by c¯1 the first Chern class and by taking into account its funtorial properties,
it is readily seen that it depends only on the stable equivalence class of complex vector
bundles and hence it induces a natural transformation of functors
c¯1 : K
0(−) −→ H2(−,Z). (5)
We denote by σK and σH the suspension isomorphisms in K-theory and in singular coho-
mology respectively and let us consider the commutative diagram below. We define the
natural transformation c1 : K
−1(X) → H1(X) by means of the following commutative
diagram:
K0(SX)
c¯1 // H2(SX,Z)
K−1(X)
σK
OO
// H1(X,Z)
σH
OO
.
The following result, whose proof can be found in [2], relates the spectral flow with the
analytical index.
Proposition 2.10 ([2, Corollary 1.13]) Let L : S1 → F iS(H ) be a continuous path. Then
we have:
sf(L, S1) = c1 (Ind αL)[S
1]
where as usually [·] denotes the fundamental class.
3 The main result
Let H be a real Hilbert space and let X be an orientable compact connected n-dimensional
manifold. Let f : X ×H → R be a smooth family of functionals parameterized by X and
such that 0 is critical point of f(x, ·) for any x ∈ X . We will study bifurcation of critical
points of f from the trivial branch X × {0}.
Definition 3.1 A point x∗ ∈ X is called a bifurcation point of ∇f from the trivial branch
X × {0} is each neighborhood of (x∗, 0) contains solutions of ∇f(x, h) = 0 with h 6= 0.
Notation 1 We shall denote by B := Bif (∇f) the set of all bifurcation points of ∇f
from the trivial branch.
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The map x 7→ d2fx(0) defines a smooth family of bilinear forms (with respect to the norm
topology of all linear bounded operators L (H)); this by Riesz representation theorem we
have that
d2fx(0)[u, v] = 〈Axu, v〉.
Clearly A : X ∋ x 7→ Ax ∈ F (H ) is a smooth map into the space of all bounded selfadjoint
operators on H . We will assume that
(S) for each x ∈ X the operator Ax is an indefinite Fredholm operator smoothly depen-
dent on x ∈ X .
Thus it remains well-defined the smooth map A : X → F i(H) : x 7→ Ax.
Theorem 1 Let X be a compact connected orientable n-dimensional manifold, H be a
real separable Hilbert space and
f : X ×H → R
be a smooth family of of functionals parameterized by X such that (S) holds. Assume that
(i) c1(Ind sA
C) 6= 0;
(ii) there exists some point x0 ∈ X\B such that Ax0 is invertible.
Then the Lebesgue covering dimension of B is at least n−1. Moreover either B disconnect
X or it is contractible to a point.
Proof. First of all we observe that B disconnects X then the dimension of B is at least n−1
since the complement of a closed subset of dimension less than n− 1 is always connected.
Therefore let us assume that X\B is connected.
Let AC be the complexified family. By assumption (i), there exists a homology class
γ ∈ H1(X,Z) 6= 0 such that 〈c1(Ind sA
C), γ〉 6= 0. To prove the statement we will show that
the restriction to B of the Poincare´ dual of γ gives arise a nontrivial class in H
(n−1)
(B,Z),
i.e. ι∗(PD(γ)) 6= 0 where ι∗ is the homomorphism induced in cohomology by the inclusion
ι : B →֒ X and H
∗
(B,Z) := dirlimH∗(U,Z) where U ranges over all neighborhoods of B
in X . To do so we consider the commutative diagram:
Hn−1(X,Z)
ι∗ // H
n−1
(B,Z)
. . . // H1(X \B;Z)
j∗
// H1(X,Z)
p∗
//
OO
H1(X,X \B,Z) //
OO
H0(X \B,Z).
By commutativity of the diagram above, and by taking into account the exactness of the
pair (X,X \ B) in homology, the restriction ι∗(PD(γ)) of PD(γ) to B is dual to p∗(γ),
where p∗ : H1(X,Z) → H1(X,X\B,Z). By contradiction we assume that p∗(γ) = 0;
thus p∗(γ) = j∗(β), for some β ∈ H1(X\B,Z) and for j : X\B →֒ X . Since X\B is
connected, the Hurewicz homomorphism Π: π1(X\B, x0) → H1(X\B,Z) is surjective.
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Thus β = g∗([S
1]) for g : (S1, s0)→ (X\B, x0). Let g¯ : (I, ∂I)→ (X, x0) be defined as the
composition j ◦ g ◦ π where:
π : (I, ∂I)→ (S1, s0), g : (S
1, s0)→ (X\B, x0), j : (X\B, x0)→ (X, x0).
Consider now the family of functionals f¯ : I ×H → R defined by
f¯(λ, u) := f(g¯(λ), u).
Then d2f¯λ(0) = d
2fg¯(λ)(0) and therefore we denote with A¯λ the corresponding family of
Hessian operators A¯ := A ◦ g¯. Since λ ∈ I is a bifurcation point for ∇f¯ if and only if
g(λ) ∈ B it follows that ∇f¯ is free of bifurcation points. Moreover being A¯0, A¯1 invertible
operators and by taking into account [4, Theorem 1], we can conclude that sf(A¯, I) = 0.
But
sf(A¯, I) = sf(A¯C, I) = sf(AC ◦ g¯, I) = sf(AC ◦ jg, S1),
where the first equality is a direct consequence of remark 2.5. By proposition 2.10, we
have:
sf(AC ◦ jg, S1) = 〈c1(Ind s(A
C ◦ jg)), [S1]〉 = 〈c1(Ind s(A
C)), j∗g∗([S
1])〉 = 0.
However by hypothesis 〈c1(Ind s(A
C), γ〉 6= 0 which is a contradiction. Therefore p∗(γ) 6= 0
and hence ι∗(PD(γ)) restrict to a nontrivial class in H
n−1
(B,Z). Now the conclusion
follows by taking into account the homological characterization of the Lebesgue covering
dimension (see for instance [5, Chapter VIII, Theorem VIII.4]) of a topological space. q.e.d.
4 A geometric variational framework: the perturbed
geodesics case
The aim of this section is to deduce some quantitative results for the bifurcation set of
a several parameter family of perturbed semi-Riemannian geodesics. However in order to
do so we need to reformulate the previous result on Hilbert bundle. We start with the
following definition.
Definition 4.1 A smooth family of Hilbert manifolds {Ex}x∈X parameterized by X and
modeled on the real separable Hilbert space E is a family of manifolds of the form Ex =
p−1(x) where p : E˜ → X is a smooth submersion of a Hilbert manifold E˜ onto X.
By the implicit function theorem each fiber Ex of the submersion is a submanifold of X
of finite codimension (more precisely the codimension is equal to the dimension of the
compact manifold X). For each e ∈ Ex, the tangent space TeEx coincides with ker dpe.
Being p a submersion the family of Hilbert vector spaces TF(p) = {ker dpx : x ∈ X} is a
Hilbert subbundle of the tangent bundle TE˜. TF(p) is the bundle of tangents along the
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fibers or the vertical bundle of the submersion p.
Thus given a smooth functional f : E˜ → R, it defines by restriction to the fibers of p a
smooth family of functionals fx : Ex → R. We will assume that there exists a smooth
section σ : X → E˜ of p such that σ(x) is a critical point of the restriction fx of the
functional f to the fiber Ex and we will refer to σ as the trivial branch of critical points of
the family {fx : x ∈ X}.
Definition 4.2 A point x∗ ∈ X is a bifurcation point of the family {fx : x ∈ X} from
the trivial branch σ(X) if there exists a sequence xn → x∗ and a sequence en → σ(x∗) such
that p(en) = xn and each en is a critical point of fxn not belonging to σ(X).
In what follows we shall denote by hx the Hessian of fx at the point σ(x). Our next
assumption is the following
(H) for each x ∈ X, the Hessian hx is a strongly indefinite self-adjoint Fredholm quadratic
form.
The family of Hessians hx, for x ∈ X , defines a smooth function h on the total space of the
pull-back bundle σ∗TF(p) of the vertical bundle TF(p) by the map σ : X → E˜ such that the
restriction of h to each fiber is a Fredholm quadratic form. The function h : σ∗TF(p)→ R
is a generalized family of Fredholm quadratic forms. According to the previous notation,
we shall denote by hC the complexification of the family h to the complexified Hilbert
subbundle σ∗TF(p)C = σ∗TF(p)⊗ C. The following result holds.
By the vector bundle neighborhood theorem Theorem [9, Appendix A], there exist a
trivial Hilbert bundle E := X × E over X and a fiber preserving smooth map ψ : E →
σ∗TF(p) such that ψ(x, 0) = σ(x) and such that ψ is a diffeomorphism of E with an open
neighborhood O of σ(X) in σ∗TF(p).
Let f˜ : X × E → R be defined by f˜ = f ◦ ψ. Then f˜ is a family of smooth functionals
on the real separable Hilbert space E. Since the restriction ψx of ψ to the fiber is a
diffeomorphism, we have that u ∈ E is a critical point of f˜x = fx ◦ ψx if and only if ψx(u)
is a critical point of fx. In particular 0 is a critical point of f˜x for each x ∈ X. The Hessian
h˜x of f˜x at 0 is given by h˜x(ξ) = hx(dψx(0))[ξ]. Denoting by H˜x(ξ, η) the bilinear form
associated to h˜x, by using the Riesz representation theorem we have:
H˜x(ξ, η) = 〈Lxξ, η〉
Clearly the map x 7→ Lx is a smooth map into the space of all bounded selfadjoint operators
on H ; moreover assumption (H) is equivalent to (S). Summing up the previous discussion
and theorem 1, we have the following.
Theorem 2 Let X be a compact connected orientable n-dimensional manifold, E be a
real separable Hilbert space, p : E˜ → X a smooth submersion of a real separable Hilbert
manifold E˜ over X modeled on E and f : E˜ → R be a smooth function. Assume that:
(i) c1(Ind sL
C) 6= 0;
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(ii) there exists some point x0 ∈ X\B such that Lx0 is invertible.
Then the Lebesgue covering dimension of B is at least n−1. Moreover either B disconnect
X or it is contractible to a point.
4.1 A geometric framework
Let M be a smooth connected manifold of dimension n and I := [0, 1]. Let g be a semi
Riemannian metric onM and let V : I×M → R be a smooth time-dependent potential. We
will denote by D the associated Levi-Civita connection and by D
dx
the covariant derivative
of a vector field along a smooth curve γ.
Definition 4.3 A perturbed geodesic (p-geodesic) is a solution γ : [0, 1] → M of the
second order differential equation
D
dx
γ′(x) + ∇V (x, γ(x)) = 0 (6)
where ∇ is the gradient of a function on M with respect to the metric g.
Clearly if V ≡ 0 the above equation reduces to the classical geodesic equation. Let Ω be
the manifold of all H1-paths in M . It is well known that Ω is a smooth Hilbert manifold
modelled by H1([0, 1];Rn). The tangent space TγΩ at the point γ can be identified in a
natural way with the Hilbert space H1(γ) = {ξ ∈ H1([0, 1];TM) : τξ = γ} of all H1-vector
fields along γ. Here τ : TM →M is the projection of the tangent bundle of M to its base.
Any choice of a Riemannian (positive definite) metric onM endows Ω with an associated
Riemannian structure and hence with a distance which makes Ω a metric space. The end-
point map
π : Ω→M ×M ; π(γ) = (γ(0), γ(1))
is known to be a submersion and therefore for each (p, q) ∈M ×M the fiber
Ωp,q = {γ ∈ Ω : γ(0) = p, γ(1) = q}
is a sub-manifold of codimension 2n whose tangent space TγΩp,q is the subspace H
1
0 (γ) of
H1(γ) given by
H10 (γ) = {ξ ∈ H
1(γ) : ξ(0) = ξ(1) = 0}.
Since π is a submersion, the family of Hilbert spaces H10 (γ) is a Hilbert bundle TF (π) =
ker Tπ over Ω, called the bundle of tangents along the fibers. The reference for all the
above, and for everything else in this section is [8]. Associated to each pair (g, V ) there is
an energy functional E¯ : Ω → R defined by
E¯(γ) =
∫ 1
0
1
2
g(γ′(x), γ′(x))dx −
∫ 1
0
V (x, γ(x))dx. (7)
The critical points of the restriction E = Ep,q of E¯ to the sub-manifold Ωp,q are precisely
the p-geodesics through p, q with kinetic energy 1
2
g(γ′, γ′) and potential energy V . To
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be more precise, critical points of the energy functional are weak solutions of (6), which
turn out to be smooth classical solutions by elliptic regularity. In [8], we associated two
integers to each non degenerate critical point of the energy functional. The first integer
is the generalized Morse index µspec(γ), defined as the negative of the spectral flow of the
Hessians of the energy functionals along the path γ˜ canonically induced by γ on Ω. Since
several points related to the construction of the generalized Morse index will be used, we
will briefly recall their definitions.
The linearization of the boundary value problem{
D
dx
γ′(x) + ∇V (x, γ(x)) = 0
γ(0) = p, γ(1) = q
at the critical point γ is the equation of Jacobi fields
D2
dt2
ξ(t) +R(γ′(t), ξ(t))γ′(t) +Dξ(t)∇V (t, γ(t)) = 0, (8)
subjected to Dirichlet boundary conditions ξ(0) = 0 = ξ(1). Here ξ is a vector field along
γ, R is the curvature tensor of the connection D and Dξ(x)∇V (x, γ(x)) is the Hessian of
V (x,−) with respect to the metric g, viewed as a symmetric operator of Tγ(x)M. Its weak
solutions (H10 -Jacobi fields) are vector fields ξ ∈ H
1
0 (γ) such that for any η ∈ H
1
0 (γ)
0 = Hγ(ξ, η) =
∫ 1
0
g( D
dx
ξ(x), D
dx
η(x)) dx+ (9)
−
∫ 1
0
g(R(γ′(x), ξ(x))γ′(x) +Dξ(x)∇V (x, γ(x)), η(x)) dx.
Thus, Jacobi fields in H10 (γ) are the elements of the kernel of the bilinear form Hγ. The
Hessian of Ep,q at γ is the quadratic form hγ : H
1
0 (γ) → R associated to Hγ. Since the
embedding of H10 (γ) into L
2(γ) is compact, the form
c(ξ) =
∫ 1
0
g(R(γ′(x), ξ(x))γ′(x) +Dξ(x)∇V (x, γ(x)), ξ(x)) dx
is weakly semi-continuous. Being a weakly semi-continuous perturbation of a non degener-
ate form, hγ is a bounded Fredholm quadratic form. In particular ker hγ ≡ {ξ|Hγ(ξ, η) =
0 for all η} is finite dimensional. The form hγ is non degenerate if and only if the instant
1 is not conjugate to 0 along γ. If this holds we will say that the p-geodesic is non de-
generate. Each p-geodesic γ induces in a canonical way a path γ˜ on the manifold Ω of all
paths on M . The canonical path γ˜ : → Ω associated to γ is defined by γ˜(t)(x) = γ(t · x),
x ∈ [0, 1]. Each γ˜t ≡ γ˜(t) is a p-geodesic for (g, Vt), where Vt(x,m) = λ
2V (tx,m). From
the above discussion it follows that the Hessian ht of Et ≡ Ep,γ(t) at γ˜t is degenerate if
and only γ(t) is a conjugate point to p = γ(0) along γ. If γ is non degenerate the path γ˜
has non degenerate end points. The family ht, t ∈ [0, 1] defines a function h on the total
space of the pull-back bundle γ˜∗(TF ) over [0, 1] such that its restriction to each fiber is a
bounded quadratic form and such that h0, h1 are non degenerate. This is what we called
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in [8] an admissible family of Fredholm quadratic forms. The spectral flow of such a family
was defined in [8, Section 2].
Definition 4.4 We define the generalized Morse index of a p-geodesic γ as:
µspec(γ) = −sf(h).
Definition 4.5 Let X be a compact, orientable connected n-dimensional manifold and
let p : S2ν (M) →M be the bundle of all non degenerate symmetric two forms of index ν on
the tangent bundle TM . A several parameter family of semi Riemannian metrics on M is
a smooth map g : X ×M → S2ν (M) such that pg = π, where π denotes the projection onto
the second factor.
Each gλ = g(λ,−) is then a semi Riemannian metric on M of index ν. Using the Koszul
formula it is easy to see that the family of associated Levi-Civita connections Dλ is smooth
with respect to the λ variable in an obvious sense. If V : X × [0, 1]×M → R is a smooth
function, we consider V as a smooth one parameter family of time-dependent potentials
Vλ : I ×M → R defined by Vλ(x, u) = V (λ, x, u). The data (M, gλ, Vλ)λ∈X define a several
parameter family of time-dependent mechanical systems.
We shall also assume the existence of a several parameter family of known p-geodesics.
In other words, given a smooth family (gλ, Vλ)λ∈X as above, we assume that there exists
a smooth map σ : X × I → M such that for each λ ∈ X , σλ(x) ≡ σ(λ, x) is a p-geodesic
corresponding to the mechanical system (gλ, Vλ).
We will refer to the family (σλ)λ∈X as the trivial branch of perturbed geodesics.
Definition 4.6 A point λ∗ is called a bifurcation point for p-geodesics from the trivial
branch σ if there exists a sequence (λn, γn)→ (λ∗, σ(λ∗)) in X × Ω such that γn is a weak
solution of equation (6) with boundary conditions
γn(0) = σλn(0), γn(1) = σλn(1) (10)
such that γn does not belong to σ(X).
For each λ ∈ X , let Eλ be the restriction of the energy functional associated to the data
(gλ, Vλ) to the sub-manifold Ωλ ≡ Ωσλ(0),σλ(1). The trivial branch σ can be viewed as a
smooth path σ : I → Ω of critical points σ(λ) = σλ of Eλ. We set
c1(Ind sh
C
γ ) := c1(Ind s(L
C
γ )).
As a direct consequence of theorem 2 the following result holds true.
Theorem 4.7 Let (M, gλ, Vλ)λ∈X be as above and let σ be a trivial branch of p-geodesics
of (M, gλ, Vλ)λ∈X such that for some λ0 ∈ X, σλ0 is non-degenerate. If c1(Ind s(L
C
γ )) 6= 0
then the Lebesgue covering dimension of the bifurcation set is at least n − 1. Moreover
either B disconnect X or it is contractible to a point.
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